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Abstract 

In some varieties of algebras one can reduce the question of finding 
most general unifiers (mgus) to tlie problem of the existence of unifiers 
that fulfill the additional condition called projectivity. In this paper we 
study this problem for Fregean (1-regular and orderable) varieties that 
arise from the algebraization of fragments of intuitionistic or intermediate 
logics. We investigate properties of Fregean varieties, guaranteeing either 
for a given unifiable term or for all unifiable terms, that projective uni- 
fiers exist. We indicate the identities which fully characterize congruence 
permutable Fregean varieties having projective unifiers. In particular, we 
show that for such a variety there exists the largest subvariety that have 
projective unifiers. 
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1 Introduction 

Equational unification for a variety of algebras is the problem of solving equa- 
tions of terms by finding substitutions into their variables, called unifiers, that 
make terms equivalent with respect to the variety, see e.g. |3ji4j. In particular, 
the problem of the existence of a most general unifier (an mgu), i.e. such that 
any other unifier is an instance of it, is one of the central issues of the unification 
theory. For certain varieties the question of searching mgus can be reduced to 
the problem of looking for unifiers that obey additional restrictions, namely, 
the so called projective unifiers introduced by Ghilardi [115] (see also [27J), but 
in fact known earlier in the unification theory under the name of reproductive 
solutions, see e.g. [2J. If every unifiable term has an mgu, we called a variety 
unitary. In this paper we investigate the special class of unitary varieties, where 
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every unifiable pair of terms has a projective unifier and we call them varieties 
with projective unifiers. 

The equational unification has been studied for many varieties related to 
logic, see e.g. [HI M UHl [HI HSl HZl HH]- In the present paper we analyze the 
problem of unification, and, in particular, the question of the existence of pro- 
jective unifiers, for a wide class of such structures - the congruence permutable 
(CP) Fregean varieties. The name Fregean comes from the Frege's idea that 
sentences with the same logical values have the same denotation. This idea 
was formalized by Suszko in |24| and was an inspiration for Pigozzi |21| . who 
transferred the distinction between Fregean and non- Fregean to the field of uni- 
versal algebra, see also [S] . Namely, a variety V of algebras with a distinguished 
constant 1 is called Fregean if it is 1-regular, i.e. congruences of its algebras are 
uniquely determined by their 1-cosets, and congruence orderable, i.e. for every 
A G V the relation defined on A by putting a < 6 iff Qa {^,b) C Qa (I7 a) for 
a, & e A is a partial order. 

Many natural examples of Fregean varieties come from the algebraization 
of fragments of classical, intuitionistic, or intermediate logics: Boolean algebras 
(CPC), Heyting algebras and all its subvarieties (IPC, intermediate logics), 
Brouwerian semilattices (IPC, A), equivalential algebras (IPC, fT>), Boolean 
groups (CPC, -f-^-) or Hilbert algebras (IPC, — >■). Fregean varieties being 
1-regular are congruence modular, but not necessarily congruence distributive, 
which makes studying these classes of algebras more difficult. On the other 
hand, the structure of CP Fregean varieties is quite well understood. In par- 
ticular, it was proved in [T3| that every CP Fregean variety consists of algebras 
that are expansions of equivalential algebras, i.e. algebras that form an alge- 
braization of the purely equivalential fragment of the intuitionistic propositional 
logic. 

Subtractive Fregean varieties, that is a Fregean varieties endowed with a 
special binary term s fulfilling s(a;,a;) « 1 and s(l,a;) ~ x, form a larger class 
than CP Fregean varieties, including e.g. Hilbert algebras. It is not difficult 
to show that for such varieties with projective unifiers the unification problems 
for many equations {si = U : i — 1, . . . , k} become equivalent to the matching 
problem for single equations of the form {p = 1} (Proposition 13. 7p . In other 
words we are looking for a substitution that makes p equivalent to 1 in a given 
variety. Accordingly, we will restrict our attention here to such problems and 
we will say about unifiable or projective terms if such a substitution exists or 
is projective, respectively. We will consider the elementary unification, which 
means that the terms in question contain only symbols of the signature of the 
variety. 

Our main results are the following. For a CP Fregean variety we prove a 
sufficient condition for a unifiable term to be projective (Theorem 14. 2p . Using 
this result we give a twofold characterization of CP Fregean varieties with pro- 
jective unifiers (Theorem 14. 6p . Firstly, we show that this class can be described 
by a set of identities. Secondly, we characterize varieties with projective unifiers 
by properties of their subdirectly irreducible algebras. As a consequence, we 
deduce that for each CP Fregean variety there exists the largest subvariety that 
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has projective unifiers (e.g., for the variety of Heyting algebras, it is the subva- 
riety of Godel-Dummett algebras). Moreover, under the additional assumption 
of finite signature, we can characterize all unifiable terms in the variety with 
projective unifiers (Proposition 14. 10")) . 

The method presented here gives us new proofs of unitarity for several known 
cases, as well as it leads to some new results. For instance, it follows from The- 
orem 14.61 that the variety of equivalential algebras with 0, being the algebraic 
counterpart of the equivalence-negation fragment of the intuitionistic proposi- 
tional calculus (IPC, -i), is unitary. All these results can be partially gen- 
eralized to subtractive Fregean varieties (Proposition [STTJ Theorem 15. 2p and so 
cover such different algebraic structures as Brouwerian semilattices, Hilbert al- 
gebras or equivalential algebras. However, while in the first two cases one can 
use a term defining principal filters to get a projective unifier, in the general case 
it is impossible: for example, there is no non-trivial subvariety of equivalential 
algebras which has equationally definable principle filters and the only one with 
definable principle filters is the variety of Boolean groups |14j . 

2 Unification and projectivity 

Let V be a non-trivial variety of algebras of signature T . Let us consider the 
term algebra Tjr(n), where n € N is the cardinality of a finite set of variables 
{cci, . . . ,a;„}, and the quotient term algebra F„ := Tjr(n)/ which is a free 
algebra in V with the set of free generators {x^ : z = 1, . . . , n}. Given t G Tjr{n) 
and A G V, we adopt the convention of writing t-^ : A" — >■ A for n-ary operation 
on A determined by t and using the bold symbol t to denote the corresponding 
element t/ — t^" (^ij • • ■ j ^n) G F„ if no confusion arises. In particular, we 
write c := c^" for c € I>(0). 

If A e V and a,b G A, we denote by Oa (a, b) the congruence generated 
by (a, b) in A. When there is no ambiguity we drop the dependence on A and 
write just 8 (a, b). 

Definition 2.1 An algebra A from a variety V is called projective in V if for 
every algebras B, C e V, any epimorphism (onto homomorphism) /3 : B — > C, 
and any homomorphism 7 : A — ?> C, there exists a homomorphism a : A — > B 
such that 7 = /3 o a. 

It is well known that an algebra is projective iff it is a retract of some free 
algebra. Moreover, we have the following simple characterization of projective 
quotient algebras of a projective algebra. 

Proposition 2.2 Let A be a projective algebra in V and (p G Con (A). The 

following conditions are equivalent: 

(1) A./lp is a projective algebra in V; 

(2) there exists an endomorphism t : A ^ A such that ip ~ kcrr and = r; 
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(3) there exists an endomorphism t : A ^ A such that tp C kerr and 
T (a) a for every a ^ A. 

Proof. (1) (2). Let tt^ be a natural epimorphism from A to A/ (p. Then 
there exists a section s : A./ip — >■ A such that n^p o s — idA/i^- Hence t := s o tt^ 
is a required homomorphism. 

(2) ^ (3). Let a £ A. Then t {t (a)) = T{a), so (t (a) , a) £ kerr — (p, as 
desired. 

(3) ^ (1). For B, C G V, an epimorphism /3 : B — > C and a homomorphism 
7 : A/(/9 — !■ C, the projectivity of A imphes that there exists a homomorphism 
a : A — > B such that 7 o tt^ = /3 o a. Put a (a/ip) := a (t (a)). Then a : A/ip ^ 
B is well-defined and /3 (a (0/(^5)) = /3 (a (r (a))) = 7 (vr^p (t (a))) = 7 (tt^p (a)) = 
7 (a/ip) for a G A, as required. ■ 

There are various ways to introduce unifiers for the problem {s — t} in V. 
We can treat them either as substitutions from the set of variables to the term 
algebra, or to define them as follows: 

Definition 2.3 Let s,t e Tjr{n) and a e Hom(F„,FTO), n,m e N. We say 
that a is a V-uniGer for (s, t) iff a (s) = a (t). We say that (s, t) is V-uniGable 
iff there exists a V -unifier for (s, t) . 

Studying the unification problem for Heyting algebras, Ghilardi fW] consid- 
ered a special class of unifiers with 'good' properties and called them projective. 

Definition 2.4 For s,t G Tjr{n), r G Hom(F„,F„) we say that t is a V- 
projective uniGer for {s,t) iff t {s) — r (t) and t (Xi) =0(5^^-) for every i = 
1, . . . ,n. We say that (s, t) is V -projective iff there exists a V -projective unifier 
for (s,i)Q 

Using Proposition 12 .21 we find a simple relation between projective problems 
and projective algebras. 

Proposition 2.5 If s,t G Tjr{n), then {s,t) is V-projective i/f F„/9(s,t) is a 
projective algebra. 

For a substitution ip : {xi, . . . , x„} — > Tjr(rii), m G N, which one can identify 
with the homomorphism from Tjr{n) to Tjr{m), we denote by ip the correspond- 
ing homomorphism from F„ to F^ defined by ■0 (xi) := pi if ip i^i) = Pi for 
i = 1, . . . ,n. It is not difficult to show that ip is a V-projective unifier if and 
only if is a reproductive solution in the sense of Boolean unification, see [2], 
or a transparent uniRer introduced by Wronski |27j : 

Proposition 2.6 Let s,t G Tjr[n) and ip : {xi, . . . ,x„} — S> Tjr{n) be a substitu- 
tion. Then the following three conditions are equivalent: 

^Clearly, if s,t £ Tjr{n), then s,t S Tjr(k) for k > n. However, it is easy to show that the 
definitions of V-unifiability and V-projectivity do not depend on the choice of k. 
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(1) ip : F„ — > F„ is a V-projective unifier for {s,t); 

(2) for every A G V, a = (ai, . . . , a„) G A" 

(a) s^{^j{a)) = t^{^P{a)); 

(b ) (a) = (a) implies ip (a) = a, 

where -0 (a) G A" is given by {ip (a))^ '■— {ip i^i))'^ (a) for i — 1, . . . , n; 

Proof. (1) => (2). Consider the homomorphism tt : F„ — > A given by 
7r(xi) := ai. Then (V' (a))^ = (V' (a:^))^ (tt (xi) , . . . , tt (x„)) = 7r('0(xi)) for 
i = Hence we get s^('0(a)) = (tt (i/j (xi)) , . . . , tt (t/j (x„))) = 

TT (s^" (V' (xi) , . . . , i/j (x„))) = TT (s)), and analogously (a)) = t: {tp (t)). 
Then s''^ (V' (a)) = tt {tp (s)) =^ tt {rp (t)) = (V' (a)). Assume now that (a) = 
t-^ (a), which implies tt (s) = 7i'(t). For i = we have (■0(xi),Xi) G 

6(s,t) C kerTT, and hence ai — n (x.;) = tt [xp (x^)) = (-0 (a))j- 

(2) =^ (1). Put A :— F„ and Xi for i = 1, . . . , n. Then we get from (a) 
xP{t) = iA(t/,(xi),...,t/>(x„)) = tA(V(xi,...,x„)) = sA(V'(xi,...,x„)) = 

(i/j (xi) , . . . ,ip (x„)) = i/) (s), and so is a V- unifier for (s, t). To show that 
■0 is projective put, this time, A := F„/0(s,t) and :— Xi/0(s,t) for i = 
Then (a) = s^-Z^^^'*) (x,/e(s, t), . . . , x„/e(s, t)) = s/e(s,t) = 
t/e(s, t) = (xj/e(s, t), . . . , x„/e(s, t)) = (a), and so, using (b), we 

obtain t/.(x,)/e(s,t) = (0(x,)f"/®'"*^(x,/e(s,t),...,x„/e(s,t)) = 
(■0 = fli = Xi/8(s,t) for i = 1, . . . , ri, as desired. 

(2) <^ (3). Is obvious. ■ 

One of the main problems of the unification theory is the existence of most 
general unifiers, that is such unifiers that all other unifiers are their instances. 
Namely, t G Hom (F„, Fm), m G N, is a most general V-uniHer {mgu for short) 
for (s, t) iff T is a unifier for (s, t) and, for every a G Hom (F„, Ffc). fc G N, if cr is 
a V-unifier for (s, t), then there is 1^9 G Hom (Fm, F^) such that ip o t = a. The 
importance of projective unifiers follows also from the fact that they are special 
mgus, where n — m and one can put ip = a, i.e. a o t = a. (Unifiers fulfilling 
this condition are called reproductive, see [5].) Namely, we have the following: 

Proposition 2.7 Ifs,t G Tjr{n) andr G Hom(F„,F„) is aV -projective unifier 
for {s,t), then r is an mgu for {s,t). 

Proof. Let a G Hom (F„, F^), fc G N be such that cr (s) = ct (t). It means 
that (s,t) G kercr, and so 6(s,t) ckera. Hence (T(xi),Xi) G kcrcr and, in 
consequence, a (r (xi)) — a (x^) for every i = 1, . . . , ri, as desired. ■ 

Definition 2.8 // every V-unifiable pair of terms has a V-projective unifier, we 
say that V has projective unifiers. Clearly, such V is unitary, i.e. all V-unifiable 
pairs of terms have mgus. 
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Let us assume that there is a distinguished constant (denoted by 1) in the 
signature of V. Then one can consider matching problems {s = 1} and introduce 
accordingly the notion of V-unifiable and V-projective terms. 

Definition 2.9 Let V be variety with a distinguished constant 1. We say that 
a term s is V-uniRable (resp. V-projective) iff (s,l) is V-unifiable (resp. V- 
projective). 

We will apply in the sequel the following technical lemma connecting pro- 
jectivity of all unifiable terms with projectivity of some quotient algebras. 

Lemma 2.10 Let V be variety with a distinguished constant 1. Then the fol- 
lowing two conditions are equivalent: 

(1) every V-unifiable term is V-projective; 

(2) for every n £ N, G Con (F„) such that: 

(a) Lp = V^'^i 6 (Pj, 1) for some pi, . . . ,Pk e Tjr{n), and 

(b) if (s, 1) £ Lp, then s is V-unifiable for every s G Tjrin), 

F„/(y5 is a projective algebra. 

Proof of Lemma. From Proposition 12.51 we get (2) ^ (1). We shall 
prove the reverse implication (1) =^ (2) by induction on k. We may assume 
that fc > 1, as the case fc = 1 is obvious. Let tp = Vj=iQ(Pjil)i where 
pi, . . . ,pk G Tjr{n), fulfills (2b). Put V := © (Pj, !)• Then V fulfills (2), 

and so, by induction, Fn/'tp is projective. From Proposition 12.21 we deduce 
that there exists an endomorphism a : F„ F„ such that C kercr and 
(T(xj) =^ for every i ~ Hence we get immediately cr (pfc) =^ 

Pfc, and consequently (cr(pfc),l) G (fi. From (2b) it follows that cr(pfc) is V- 
unifiable, and so, by (1), there exists r : F„ F„ such that t (cr (pfe)) — 1 and 
T(xi) =e(o-(p;,)a) Xi for every i = l,...,n. Then = VO (pfe, 1) C ker (r o cr) 
and T (cr (xi)) =e(cr(p^),i) cr (x^) =^ x,; that implies (r o cr) (x^) =^ x^ for every 
i = 1, . . . , n. Thus, using Proposition 12.21 again, we get that Fn/(p is projective, 
as desired. ■ 

3 Fregean varieties and equivalential algebras 

To make this paper self-contained we provide in this section all the necessary 
information about Fregean varieties. For more details, we refer the reader to 

gain]. 

A variety V of algebras with a distinguished constant 1 is called Fregean if 
every A G V is: 

• 1-reguiar. i.e. 1/a = 1//3 implies a = /3 for all o;,/? G Con(A), and 
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• congruence orderable, i.e. OA(l,a) = 6a (1,'') implies a = b for all 
a,b € A. 

Congruence orderability allows us to introduce a natural partial order on the 
universe of every A G V by putting 

a<b iff eA(l,^') C eA(l,a) for a,b E A. 

Moreover, it follows from 1-regularity, that the congruences in A are uniquely 
determined by their l~cosets traditionally called Glters. The lattice of all filters 
$ (A) : a G Con(A)} is isomorphic to Con(A). For ip e 'I' (A) we 

denote by =^ the congruence corresponding to (p, and, for a G ^, by [a) := 
1/0A (1, a) = {b G A : b > a} the filter generated by a. 

The following characterization of subdirectly irreducible and simple algebras 
in Fregean varieties can be easily deduced from [TT, Lemma 2.1]. Let A be an 
algebra from a Fregean variety V. 

Proposition 3.1 

1. A is subdirectly irreducible iff there is the largest non-unit element * in 
A. Then, the monolith /i G $ (A) has the form fi = 1} and all other 
cosets with respect to =p are one element; 

2. A IS simple (i.e. |Con (A)| ^2) iff\A\^ 2. 

Let Fm (A) denote the set of all completely meet irreducible filters in A. For 
each element rj of Fm (A) there is a unique filter 77+ G $ (A) such that a > 77+ 
whenever a > rj for a G $ (A) . The following result is a simple consequence of 
Proposition 13.11 and standard facts from universal algebra. 

Proposition 3.2 

1. If rj of Fm(A), then A/rj is the subdirectly irreducible algebra with the 
monolith rj^ /rj = {*^, l/rj}, where *^ :— a/rj for any a G rj'^Xrj. Moreover 
b/rj = b/jj^ for b ^ rj~^ ; 

2. If a E A\ {1}, then there exists rj of Fm (A) such that a/rj — 

Many natural examples of Fregean varieties come from the algebraization 
of fragments of intuitionistic or intermediate logics. Among them, equivalential 
algebras £ play a special role. By an equivalential algebra we mean a grupoid 
A = {A, -H-, 1) that is the subreduct of a Heyting algebra with the operation 
•O- given by a; -O- y = {x ^ y) A (y ^ x). (We adopt further the convention 
of associating to the left and ignoring the symbol of equivalence operation.) 
This notion was introduced by Kabzihski and Wrohski in [15j as the algebraic 
counterpart of the equivalential fragment of intuitionistic propositional logic. 
The variety of equivalential algebras is also definable by the following identities: 
xxy — y; xyzz — xz{yz), xy{xzz){xzz) ~ xy and xx = 1. Supplementing these 
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axioms by the identity x = xyy (or by the associativity law) we obtain the 
smallest non-trivial subvariety of which coincides with the class of Boolean 
groups and gives the algebraic semantics for equivalential fragment of classical 
logic. For a fuller treatment of equivalential algebras, see 

Equivalential algebras form a paradigm for congruence permutable Fregean 
varieties, as the following result (see [131 Theorem 3.8, Corollary 3.9]) shows: 

Theorem 3.3 Let V be a congruence permutable Fregean variety. Then there 
exists a binary term ^ such that for every A G V; 

1. (^, •f-)-,l) is an equivalential algebra; 

2. is a principal congruence term of A, i. e. a =^ b iff ab ^ if for every 
</? e $ (A). 

From Proposition [3TlJl and Theorem l3.3l we can easily deduce the following 
useful fact: 

Proposition 3.4 Let A. be a subdirectly irreducible algebra from a congruence 
permutable Fregean variety V with the monolith ii — {*, 1}. Then 

1. a* ^ a for a ^ A\ {*, 1}; 

2. A\{*} is closed under the equivalence operation. 

Proof. (1) Let a e A\ 1}. Then Oa (1, *) C Qa (1, a), and so Ga (*, a) C 
0A(l,a). Moreover, 6a (1,*) C 9A(*,a), and in consequence 0a (1, a) C 
©A (*, a)- Hence 9a (1, a*) — 9a (*, a) — 9a (1, a), as desired. 

(2) Assume for contradiction that * = ab for some a,b ^ A\{*,\}. Then 
from (1) 1 — *aa = abaa — ab, a contradiction. ■ 

Applying Theorem 13.31 we can define in every algebra A from a congruence 
permutable Fregean variety V a family of purely equivalential unary polynomials 
given by the formula: 

Xa{x) := xaa for x^a A, 
with the following properties for a,b € A: 

• Xa is an idempotent equivalential endomorphism, 

• Xa°Xb^Xb°Xa=XaO Xab- 

Note that the polynomial Xa (x) can be expressed in the language of Heyting 
algebra as (a; — )> a) — )> x. For some congruence permutable Fregean varieties 
(e.g. equivalential algebras, Brouwerian semilattices) these polynomials are en- 
domorphisms, whereas for others (e.g. Heyting algebras) they are not. These 
distinction is crucial for our purposes. 

A variety V with the signature T and a distinguished constant 1 is called 
subtractive iff there is a subtractive term s £ Tjr{2), i.e. a binary term such 
that the identities s{x,x) « 1 and s(l,a;) « x are fulfilled in V. This notion 
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was introduced in [T^], see also [2S]. Clearly, the class of all subtractive Fregean 
varieties is larger than the class of congruence permutable Fregean varieties, 
where the equivalence o serves as the subtractive term. To be more precise, 
the existence of a subtractive term in V is equivalent to a special case of con- 
gruences permutability, namely, if a and /3 are congruences of A G V, then 
(l,c) eao/3iff(l,c) GaV/3forcGyl. This class was studied by Agliano 
[T], who proved that a subtractive Fregean variety has equationally definable 
principal congruences iff it is term equivalent to a variety of Hilbert algebras 
with additional compatible operations. In the sequel, we will need the following 
simple property of subtractive Fregean varieties: 

Proposition 3.5 Let A be an algebra from a subtractive Fregean variety V and 
let a,b A. Then O (a, b) = O (s(a, 6), 1) V (s(6, a), 1), where s is a subtractive 
term in V. 

Proof. Put ip := Q (s(a, 6), 1) V 9 (s(&, a), 1). Clearly, s(a, b),s{b, a) =Q(^a.b) 
s{b,b) = 1, and, in consequence, ip C Q{a,b). Moreover, a — s(l,a) = 
s(s(s(6,a),s(6,a)),a) =^ s(s(l, s(6, a)), a) =e(b,i) s(s(l, s(l, a)), a) = 1. Hence 
e (a, 1) C e (6, l)V(p, and analogously 9 (6, 1) C 9 (a, l)\/ip. Thus 9 (a, l)\/ip = 
9 (b, 1) V (p. It means that Qa/^p {O'/'P, ^/f) = 9a/ip {b/p, l/'p)- Since A/(p is 
congruence orderable, we get a/p ~ b/ip, and so 9 (a, b) C p, as desired. ■ 

In the next sections we will study the problem of the existence of projec- 
tive unifiers for congruence permutable and subtractive Fregean varieties. It 
follows from Theorem 13.31 that for congruence permutable Fregean variety the 
unification problem in V for an arbitrary equation of the form {s = t}, where 

e Tjr[n) for some n £ N can be easily reduced to the matching problem 
for the equation {st — V\. It is not true for a subtractive Fregean variety, how- 
ever the problem of having projective unifiers for single equations, or even for 
finite sets of equations, for such a variety can also be reduced to the matching 
problems, as the next proposition shows. 

Definition 3.6 We say that the set of equations {si = ti : i = 1, . . . , k}, where 
Si,ti S Tjr[n) for some n £ N is: 

V-uniEable iff there exists a £ Hom(F„,F„i), m £ N such that a (si) = 
a (ti) for i = 1, . . . , fc; 

V-projective iff there exists t G IIom(F„,F„) such that t (si) = t (ti) and 
T (xi) =^.^^ e(s.,t.) fori = l,...,k. 

Proposition 3.7 Let V be a subtractive Fregean variety. Then the following 
conditions are equivalent: 

(1) every V-unifiable term is V-projective; 

(2) V has projective unifiers; 

(3) every finite and V-unifiable set of equations is V-projective. 
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Proof of Theorem. It is obvious that (3) => (2) (1). To show 
(1) ^ (3) take Si,ti € Tjr{n) for some n G N and i = l,...,k such that 
{si = ti : i — 1, k} is V-unifiable. Put ip :— Vj=i © i^j^^j)- It follows from 

Proposition 13.51 that ip = Vj=i ^ (s(sj, tj), 1) V Vj=i © (^(tj, Sj), 1). Applying 
Lemma [2.101 we deduce that the finitely presented algebra F„/(p is projective. 
Now, it follows from Proposition 12 . 21 that {si = U : i = 1, k} is V-projective, 
which completes the proof. ■ 

The conclusion of the above Proposition is rather obvious for any arithmeti- 
cal (i.e. congruence permutable and congruence distributive) Fregean variety, 
because such a variety must be term equivalent to a variety of Brouwerian semi- 
lattices with some compatible operations, see |2T] and [131 Corollary 4.1]. It is 
rather surprising that the result can be extended to non-arithmetical Fregean 
varieties, such as, e.g. equivalential algebras. 

4 Congruence permutable Fregean varieties 

We start from the result that is in fact a simple generalization of the well- 
known theorem of Diego, who proved that finitely generated Hilbert algebras 
are finite [7]. This result has been later extended to other varieties that come 
from the algebraization of some fragments of intuitionistic logic, like Brouwerian 
semilattices or equivalential algebras. 

Theorem 4.1 Let V be a Fregean variety with the finite signature J- . If for 
every A subdirectly irreducible in V and such that \A\ > 2 the set j4\{*} is a 
subuniverse of A, then V is locally finite. 

Proof. We will prove by induction on n that < oo. From the finiteness 
of the signature J- it is enough to show that for every n G N there exists a 
common finite upper bound for the cardinality of subdirectly irreducible homo- 
morphic images of F„. Then there exists only a finite number of non- isomorphic 
subdirectly irreducible homomorphic images of F„, and so F„ is finite as a 
finitely generated member of a variety generated by a finite number of finite 
algebras. 

Let n ~ 0. Observe that if Fq is non-trivial, then every algebra A that is a 
subdirectly irreducible homomorphic image of Fq has two elements. Otherwise, 
A\ {*} is a subuniverse of A, which is impossible, since Fq has no proper sub- 
algebras. Assume now that |F„| < oo. For fi G Fm (F„+i), either |F„_|_i//i| = 2 
or |F„+i//x| > 2. In the latter case (F„_(-i//i) \ {*} is a subuniverse of F„+i//i, 
and consequently, there isi = l,...,n + l such that Xi//i = *. Hence and from 
Proposition 13.21 we deduce that F„+i//i+ ~ (Fn+i/n) / has at most n 

generators and |F„+i//i| = 1 + |F„+i//x+|. Thus |F„+i//i| < 1 -t- |F„|, and now 
the assertion follows from the induction hypothesis. ■ 

The next theorem gives two equivalent sufficient conditions for a unifiable 
term t in a congruence permutable Fregean variety V to be projective. The first 
has the form of identity in V. This identity expresses the fact that for every 
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algebra A in V and a G A, the unary polynomial Xa ■ A ^ A, defined by 
Xa{x) = axx, for x G A, preserves the operation t'^. The second says that for 
every non-simple subdirectly irreducible algebra A in V the universe of A with 
the largest non-unit element removed is closed under the operation t-^. 

Theorem 4.2 LetV be a congruence permutable Fregean variety andt G Tjr{n). 
Then the following conditions are equivalent: 

(1) V \^t{xiyy,...,Xnyy) ~t{xi,...,xn)yy ; 

(2) for every subdirectly irreducible A in V such that \A\ > 2, and for all 
ai, . . . ,a„ G A 

(i^ (ai, . . . , a„) = *) ^ (3i = 1, . . . , n : fli = *) . 

Moreover, if t fulfills (1) or (2), then 

(3) if t is V -unifiable, then t is V -projective. 

Before we begin the proof of the theorem we need the following lemma: 

Lemma 4.3 Let A be subdirectly irreducible in V with \A\ > 2. Then for all 
ai,...,a„ G yl\ {*} there exists p G A\{*,1} such that Oipp = for every 
i = 1, . . . ,n. 

Proof of Lemma. The proof is by induction on n. For n = 1 we put p = ai 

if ai 7^ 1 and p = c, where c G A\ {*, 1} if ai = 1. Assume that n > 1. Take 
q G A\ {*, 1} such that atqq = ai for every i — 1, . . . ,n — 1. It is enough to 
consider the case a^gg 7^ a„. Put p = anqqon 7^ 1- From Proposition 13.41 2 we 
deduce that p ^ *. For i = 1, . . . , n — 1 we have Oipp — Oiqq {anqqa„) {anqqon) = 
ai {a„qqan) [anqqa^) qq = (aiqq) {{anqqan) qq) {{a^qqan) qq) = Uiqq = a^. More- 
over, a„pp = a„ {anqqon) {anqqan) = (a„gga„a„) (anqqan) = (anqq) (anqqan) = 
an (anqq) (anqq) = a„. ■ 

Proof of Theorem. (1) =4> (2). On the contrary, assume that there ex- 
ists A subdirectly irreducible in V, \A\ > 2 and ai, . . . ,a„ G A\ {*} such that 
t'^ (ai, . . . , a„) = *. From Lemma there exists a p G A\ {*, 1} such that Oipp = 
ai for every i = 1, . . . ,n. Hence * — t-^ (ai, . . . , a„) = t-^ (aipp, ■ ■ ■ , anPp) = 
t-^ (ai, . . . ,an) pp. On the other hand, from Proposition 13.41 1 we get 
t-^ (fli, . . . , On) pp = *pp = 1, a contradiction. 

(2) ^ (1). Assume to the contrary that there exists C G V such that 
the identity in (1) is not fulfilled. Then we find an algebra A in V being the 
subdirectly irreducible homomorphic image of C and ai,...,a„,6 G A such 
that (t-^ (aibb, . . . , a„66) , t-^ (ai, . . . , a„) 66) generates the monolith of A. It 
follows from Proposition 13.11 1 that {t-^ (aibb, . . . , a„66) , (ai, . . . , a„) 66} = 
{*, 1}. Hence and from Proposition 13.41 1 we deduce that 6 ^ {*,!}, and so 
\A\ > 2. Moreover, applying again Proposition 13.41 and the fact that 6 ^ {*, 1} 
we get u66 ^ * for every u G A. In consequence, t^ (ai, . . . ,an) bb = 1, 
t-^ (aibb, . . . , Onbb) — * and 0^66 7^ * for i = 1, . . . ,n, which contradicts (2). 
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(1) ^ (3). Since t is unifiable, we can find an endomorphism / : F„ — ;> F„ 
such that / (t) — 1. We can assume that n > 0, since otherwise t = 1 and we 
are done. 

We divide Fm (F„) into foUowing sets: 

Wc := {m e Fm (F„) : |F„/m| = 2 and C = {i = 1, . . . , n : x,/^ ^ / (x.) //i}} 
U {/i e Fm (F„) : |F„/^| > 2 and C = {i = 1, . . . , n : x^/^ = *^}} . 

for C C {1, . . . , n}. 

For p e Tjr{n) define 

N{p) :={^Ie Fm (F„) : p//i = 

and 

k{p) := \{C : Wc n N (p) ^ iD}\ . 

Consider the family 

V -.^ {pe Tjr{n) : V 1= p {xiyy, x„yy) w p (xi, . . . , x„) yy and / (p) = 1} 

Since t e P, it is enough to prove that p is V-projective for every p E V. We 
proceed by induction on k(p). 

I. k{p) = 0. Then N {p) = 0, as {j{Wc : C C {1, . . . , n}} = Fm(F„), and 
so, by Proposition 13.21 2. p = 1. 

II. k{p) > 1. Let C C {1, . . . , n} be such that Wc N (p) ^ 0. Define a 
substitution gc ■ {xi, . . . , x„} — !> Tjr{n) by 

, \ _ / for i G C 

ffc (a;^j := I ^^pp for i ^ C " 

We show that gc (p) & V and k [gc {p)) < k{p). 

Note that for the endomorphism gc : F„ — > F„ corresponding to gc we 
have gc i^i) =[p) x^ for i = 1, . . . , n, and so gc (p) =[p) P- Hence gc (p) G 
[p) C kcr/. To show that gc (p) fulfihs the identity from (1) take A e V and 
ai, . . . , a„, b € A. Put p := p^ (oi, . . . , a„). We know that p^ {aibb, . . . , a„66) = 
pbb. Then {gc (p))^ {aibb, . . . , a„&&) = p''^ (ci, . . . , €„), where q := atbb (pbb) = 
aipbb for i ^ C and q := 0^66 (pbb) (pbb) — aippbb for i ^ C. Hence 
{gc {p)) {aibb, a^bb) = {gc {p))^ (oi, • • • , On) This proves that gc {p) £ 
P. 

To prove that k {gc {p)) < k{p) we start from the observation that 
gc (p) PP ~ gc (p)- From the definition of gc we immediately obtain that 
gc (xi) PP ~ gc (xi) for every i — 1, . . . ,n. Hence and from the fact that p 
we have 

gc (p) PP = (gc {p^" (xi,. . .,x„))) PP 

= (P^" (gc (xi) , . . . ,gc (x„))) PP 
= P^" (gc (xi) PP, . . . , gc (x„) pp) 
= (gc (xi),...,gc (x„)) 
= gc(p) • 
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Now we show that A'' {gc {p)) C N{p). Let ^ e N {gc {p))- Then gc (p) = 
*^ and, since gc (p) G [p), we get p ^ /i. On the other hand 

(gc (p) |^^) (p/m) (P/Ai) = (gc (p) PP) /Ai = gc (p) //^ 
and from Proposition 13.41 1 we get p//^ = as required. Thus k{gc{p)) < 

Hp). 

To prove that this inequaUty is sharp, it suffices to show that WcHN {gc (p)) = 

0. To get a contradiction, suppose that there exists /i S Wc such that gc (p) //^ = 

and so, as we have just proved, p/n — We consider two cases: |F„/ fJ,\ — 2 
and |F„/^| > 2. 

In the first case C — {i — 1, . . . ,n : Xi//i ^ / (x^) /fi}. Then gc (xj //i = 
/ (xi) //i for i = 1, . . . ,n, since it is easily seen that gc (x^) / — {x-i/ ^) (p//i) = 
/ (xi) //X for i e C and gc (x,) //x = (xj//i) (p/^) (p//i) = x,,/^ = / (x,,) for 
i ^ C. Hence we get 

gc (p) /m = P^" (gc (xi) , . . . , gc (x„)) 

= p^"/^ (gc (xi) /^, . . . , gc (x„) /^) 
= p^"/^ (/(xi)/a*,...,/(xi)/m) 
= p^"(/(xi),...,/(x„))/M 
= ./(p) /m 
= 1^, 

a contradiction. 

In the second case C = {i = 1, . . . , n : Xi//i = *^}. Then gc (x^) //i ^ *p for 
i = l,...,n, because gc (x^)/^ = (x^/^) (p/^i) = 1/^* 7^ *^ for i G C and, by 
Proposition ism 1, gc (xj //^ (Xi/^i) (p//Lt) (p/m) = x^/y^ 7^ *^ for i ^ C. On 
the other hand, since |F„//x| > 2 and 

*P = gc (p) /a* = P^"^^ (gc (xi) /a*, . . . , gc (x„) /m) , 

we deduce from (2) that there is i = l,...,n such that gc(xi)//i = a 
contradiction. 

Hence k (gc (p)) < k{p). Applying induction assumption to gc (p) we get 
that gc (p) is V-projective. So we find a G Hom (F„, F„) such that a (gc (p)) = 

1, (T(xi) =[gc(p)) Xi, and so cr (gc (x^)) =[gc(p)) gc (x;) for every i = l,...,n. 
Put T := cr o gc. Then r (p) = 1 and r (xj = cr (gc (xj) =[gc(p)) gc (x,) =[p) 
x, for i = 1, . . . , n. Since [gc (p)) C [p), we get r (x^) =[p) x^ for i = 1, . . . , n, 
which means that t is a V-projective unifier for p, as desired. ■ 

Remark 4.4 In general, the reverse implication (3) ^ (1) <^ (2) does not hold. 
Let % be the variety of Heyting algebras. Then t(xi,X2) '.= 0:2 (a:i V (xiO)) 
is T-L-projective (consider t £ Hom(F2,F2) given by t(xi) :— xi, t(x2) := 
Xi V (xiO)j, but does not fulfil (1). To show this, take the subdirectly irre- 
ducible 5-element nonlinear Heyting algebra H := 2^ 1 with the universe 
H = {0,a,aO,aV(aO),l}. Then t^ {aOO , 100) = t^{a,l) = a V (aO) 7^ 1, 
whereas t^ (a, 1) 00 = 1. 
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It follows from Proposition 13.71 and Theorem 14.21 that for a congruence per- 
mutable Fregean variety V the sufficient condition for having projective unifiers 
is that for every algebra A in V and a G A, the unary polynomial Xa is an 
endomorphism. The next theorem shows that this condition is also necessary. 
This provides a full characterization of congruence permutable Fregean varieties 
with projective unifiers. In the proof of the theorem we will use the following 
computational lemma. 

Lemma 4.5 Let A be a subdirectly irreducible algebra in a Fregean variety V, 
n G N, ai,...,a„ G A, and let t G Tjr{n) be a V -projective term such that 
(oi, . . . , a„) = *. Then ai = * or ai — 1 for some i G {1, . . . , n}. 

Proof. Suppose to the contrary that ai, . . . , a„ G A\ {*, 1}. Since t is pro- 
jective there exists an endomorphism t : F„ — F„ such that T(xi) =[t) Xj 
and T (t) = 1. Put B := Sg^ (oi, . . . , a„) for the subalgebra of A generated 
by {ai,...,a„}. As * G i?, we get 6b (*, 1) C 6a(*,1)|b- On the other 
hand, by Proposition 13.11 1. we get Oa(*,1) = idyi U {(*, 1) , (1, *)}. Hence 
6b(*j1) = ids U {(*, 1) , (1, *)}. Let us consider the only epimorphism / : 
F„ — B such that f (xi) = a; for i = l,...,n. Since / (t) = *, we get 
(t,l) G (*,!)) G Con(F„). Hence (t, 1) C /"^ (©b (*, !))• Let 

i = l,...,n. Then (xi,T (x^)) G /"^ (6b (*, 1)), and therefore {ai, J {t (xi))) = 
{f (xi) , f {t (xi))) G 6b(*,1). Hence, and since {*i 1}: we get Oi = 
/(t(x,)). Finally, we have 1 = / (r (t)) = / (t^-. (r (xi) , . . . , r (x„))) = 
t^(/(r(xi)),...,/(T(x„))) = (ai, . . . ,a„) = *, a contradiction. ■ 

Theorem 4.6 Let V be a congruence permutable Fregean variety with signature 
T . Then the following conditions are equivalent: 

(1) for every f 'E J- 

V h / {xiyy, • • • , Xkyy) ^ f {xi, . . . ,Xk)yy 

where k is the arity of f ; 

(2) for every subdirectly irreducible A in V, if \A\ > 2, then A\ {*} is a 
subuniverse of A; 

(3) V has projective unifiers. 

Proof. Clearly, it follows from Theorem 14.21 and Proposition 13.71 that it 
suffices to show that (3) (2). On the contrary assume that there is a subdi- 
rectly irreducible A G V such that \A\ > 2 and there exist t G Tjr{n), n G N, 
ai, ■ . ■ ,an G ^\ {*} with the property (ai, . . . , a„) = *. Without loss of gen- 
erality we can assume that {z : 1} = {1, . . . , m}, where < m < n. Put 
sGr^(m-t-l)by 

S (Xl , . . . , ) . — t (xi , . . . , Xfn , 1 , . . . , 1) Xiji-\-lXfn-\-li ; ■ • ■ ; -^m ; 1; ■ • ■ ; 1) • 
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Note that s is unifiable, since for the substitution tr G Horn (F,„+i, F„i-|_i) given 
by a (xj) := Xi ior i — 1, . . . ,m and a (xm+i) := 1, we have cr (s) = 1. Hence, 
by (3), s is projective. Let b ^ A\ {*.!}• Then 

(ai, . . .,am,b) = (ai, . . . , a„, 1, . . . , 1) bbt^ (ai, . . . ,a„, 1, . . . , 1) 
= (ai, . . . ,a„) 66^^ (ai, . . . ,a„) 

On the other hand, it follows from Lemma 23] that {oi, . . . , a™, b} fl {*.!} / 0, 
a contradiction. ■ 

Corollary 4.7 Jbr eac/i congruence permutahle Fregean variety V there exists 
the largest subvariety that has projective unifiers. Namely, it is enough to put 

yy.^f AeV:A|= f{xiyy,...,xkyy) « f {xi, . . . ,Xk) yy 
\ for every f J-, where k is the arity of f 

Remark 4.8 In particular, for the variety of Heyting algebras %, the largest 
subvariety that has projective unifiers is 

{AeU: A'^ xiyy V X2yy ~ (xi V X2) yy} = CC, 

where CC denotes the variety of linear Heyting algebras ( or Gddel-Dummett 
algebras) usually axiomatized by {x y)\/ {y ^ x) k, 1 (This fact was obtained 
by straightforward calculation in % by Wronski, see fMEl)- 

Corollary 4.9 From Theorem \4.6] using condition (1) or (2), we can immedi- 
ately deduce some well known results. Namely, we get that 

• Boolean algebras (CVC) (JS^,!!^, UBS); 

• Brouwerian semilattices (IPC, — /\) ( see also ^19^ . J3/)l 

• equivalential algebras (IPC, -H- j (J23j)') 

• Brouwerian semilattices with (bounded) (IPC, A, ^) fJ27^) 

have projective unifiers. 

The same is true for some other classes of algebras related to logic, e.g. for 
equivalential algebras with 0, i.e. the variety of algebras (A, 0,1,0) denoted by 
£0, o,nd being the algebraic counterpart of the (V)-, ->) fragment o/IPC, in such 
a sense that for every n € N and if G 1 0) (ji) we have £q \^ ip ^ I iff 
I~IPC f- Since we have here the identity Oxx « 0, the condition (1) of Theorem 
1^.6] is fulfilled and so the variety has projective unifiers. 

Under the additional assumption of finite signature, we can characterize 
unifiable terms in the variety with projective unifiers. 
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Proposition 4.10 Let V be a congruence permutable Fregean variety with finite 
signature T such that for every f ^ T 

V h / • ■ • , x^^yy) Ki f{xi,...,xk)yy (*) 

where k is the arity of f , and let t £ Tjr[n). Then the following conditions are 
equivalent: 

(1) t is V-unifiable; 

(2) t is V -projective; 

(3) for every A in V, if \A\ — 2, then 1^ £ Imt^; 

U) [t)n{cF":c£r^(o)} = {i}. 

Proof. (1) =^ (2). The implication follows from Theorem 14.61 

(2) ^ (3). Let A e V and let r e Hom(F„,F„) be a V-unifier for t. 
Take any homomorphism t : F„ A. Then (t (r (xi)) (r (x„))) = 
i {t^- (r (xi) , . . . , r (x„))) - i (r (t)) - . (1) = 1^. 

(3) ^ (4). Let c e rF(0) fulfiU c :=c^" e [t). Suppose that c ^ 1. Then, 
by Proposition 13.21 2. there is e Fm (F„) such that c//.t = =i!^. Observe that 
|F„//i| — 2, since otherwise we would find y ^ /i+ and, from Proposition 13.41 1 
and (*), we would get c//i = (c//i) (y//i) (y/A*) = 1/Mi contradiction. 

Put A Fn/fJ-- It follows from (3) that there exist ai,...,a„ 6 A with 
t'^ (ai, . . . , a„) = l-'^. Define a homomorphism tt : F„ — > A putting tt (x^) = 
for i = I, . . . , n. Then tt (t) = tt (t^" (xi, . . . , x„)) — l^ and so c G [t) C kerTr. 
Thus l//i = l^ = TT (c) = — c/fi = contrary to our claim. 

(4) =^ (1). From Theorems 14.11 and 14.61 we deduce that V is locally fi- 
nite. Then $ (F„) is a finite modular lattice, which allows us to proceed 
by induction on d{[t)), where (i([t)) denotes the height of [t) in $(F„). If 
(i([t)) = 0, t is unifiable as t = 1. Let d{[t)) > 1. Clearly, we can assume 
that t^" (1,...,1) 7^ 1, since otherwise t is unifiable. From (4) we know that 
t^" (1,...,1) ^ [t). Thus we find a maximal ^ G $ (F„) such that [t) C fJ, 
and t^" (!,...,!) ^ /i. By standard argument we get that F„//i is subdi- 
rectly irreducible and t^" (1, . . . , 1) £ /U^Vm- From Proposition 13.21 1 we obtain 
*^ = t^" {1, . . . ,1) / ^ — i^"/'' (1/^, . . . , 1/^). From Theorem l4.6l we get imme- 
diately that |F„//i| = 2. On the other hand, 1/ ^ = t/ ji — t^" (xi, . . . ,x„) /n = 
fFn/i-i (xi//i, . . . ,Xn/ii), and so {i : Xi//i = =/= 0. Without loss of generality 
we can assume that {i :yii/ ^ — *p} ~ {1, . . . , m} for some 1 < m < n. Define 
g:{xi,.. . ,x„} -> Tjr{n) by 

, , J Xit for i = 1, . . . , m 
9\Xt)-—^ a:, for i = m + 1, . . . , n. 

Then for the endomorphisni g : F„ F„ corresponding to g we have x^ =[t) 
g(xi) for i = l,...,ri. Hence t =[t) g(t), and finally g(t) £ [t). Now we 
show that g (t) 7^ t. In this aim, consider a homomorphism : F„ F„/fJ- 
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such that ip (xi) for z = 1, . . . , n. Then ip (t) — tp (t^" (xi, . . . ,x„)) = 

^f^/m (1/^^ . . . , 1/^) = On the other hand 

V'(g(t))-^(g (t^" (xi,...,x„))) 

= V (i^" (xit, . . . ,x„t,x™+i, . . . ,x„)) 

= t^"/^(*^,...,*^,l/^,...,l/^) 

= (xi//i,...,x„//i) 
= i^" (xi, . . . ,x„) //X 
- = 1 . 

Hence g (t) e kerV', whereas t ^ ker?/). Thus t < g(t), and so (i([g(t))) < 
d{[t)). Moreover, [g(t)) fl {c^" : c S Tjr(O)} = {1}, and from the induction 
hypothesis we know that g {t) is unifiable, i.e. there is a : F„ — >■ Fm, m € N, & 
V-unifier for g {t) . Then cr o g is a V- unifier for t, which completes the proof. ■ 

As a coroUary we get another sufficient and necessary condition for a congru- 
ence permutable Fregean variety to have projective unifiers, which guarantees 
that in such a variety every finitely generated algebra for which any two con- 
stants are not glued together is projective. 

Corollary 4.11 Let V be a congruence permutable Fregean variety with finite 
signature T . Then V has projective unifiers iff for every n d N and G $ (F„) 

{(fi n {c^" : c g T>(0)} = {1}) (Fn/ip is projective) . 

Proof. =>) Let if e ^ (F„) satisfies the condition n {c^" : c £ I>(0)} = 
{1}. It follows for Theorems 14.11 and 14.61 that V is locally finite. Hence ip = 
\/j^i[Pj) for some pi,...,pk G Tjr[n). For every s ^ Lp we have 
[s) n {c^" : c e r7r(0)} = {l}, and so, from Theorem l46l and Proposition 14. 10| 
we deduce that s is V-unifiable. Now, from Lemma 12.101 we get the assertion. 

Let t G Tjr{n) be unifiable. Then we can find a G Honi(F„,F„) such 
that [t) C kercj. For c^" G [t) we have c^" ~ a (c^") = 1 for c G Jy(0), and so 
c^" = 1. Thus F„/ [t) is projective and the assertion follows from Proposition 
[231 ■ 

It follows from Theorem 14.61 that as long as a congruence permutation 
Fregean variety V has projective unifiers, every constant term c must be reg- 
ular, that is V 1= c « cyy. In particular, we can use our results to solve the 
equational unification problem with constants in V such that V |= x « xyy, i.e. 
the equivalential reducts of algebras in V are Boolean groups. It is for instance 
the case for the variety of Boolean algebras. 

5 Subtractive Fregean varieties 

Congruence permutability in Theorem 14.61 cannot be replaced by subtractivity. 
To show this, consider the variety T-LIq of bounded Hilbert algebras, being the al- 
gebraic semantics of (— >, -i)-reduct of IPC, which is Fregean and subtractive but 
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not congruence permutable. Clearly, HIq fulfills condition (2) from Theorem 
14. 6[ but though the term t {x, y) := a; — > (j/ — >■ 0) 6 T(_j._o)(2) is unifiable in HIq, 
yet it has no mgus and, in consequence, it has no projective unifiers, see 
Nevertheless, one can prove weaker versions of Theorems 14.21 and Corollary 
14.111 valid for subtractive varieties. Let us start from the following proposi- 
tion, being an analogue of Theorems 14.21 that gives the sufficient condition for 
V-projectivity. 

Proposition 5.1 If V is a locally finite subtractive Fregean variety and 
t £ Tjrin) fulfills the following two conditions: 

• for every subdirectly irreducible A in V with \A\ > 2, and for all 
oi, . . . ,a„ e A 

{t^ (ai, . . . ,a„) = *) ^ (3i = 1, . . . ,n : Oi = *) ; 

• t is V-unifiable with the special V-unifier t £ Hom(F„,F„) given by 
T(x,):=l/orz = l,...,n (i.e. V ^ t {1, . . . ,1) ^ 1), 

then t is V-projective. 

Proof. Since V is locally finite, we can prove the assertion by induction on 
d ([t)), where d ([t)) denotes the height of [t) in a finite modular lattice <i> (F„). 
If c?([t)) = 0, then t = 1, and so t is V-projective. Let c?([t)) = A; > 1. Then 
t ^ 1 and, by Proposition 13.21 2. we can find /i G Fm (F„) such that t//i = 
Put S := {i = 1, . . . ,n : :s-i/fi = *^}. Define g : {xi, . . . , x„} — > Tjr{n) with aid 
of the subtractive term s by 

, . _ ( Xi ior i ^ S 

S^""''- [ s{t,x,) foTieS ■ 

Then s-^" (t, x^) =[t) s^" (1, x;) = x^, and so for the endomorphism g : F„ — F„ 
corresponding to g we have g (x^) =[t) x^ for « — 1, . . . ,n. Hence g (t) =[t) t, 
and, in consequence, g (t) G [t) or, in other words, t < g(t). We prove that 
t<g(t). 

Note that g(x,)/^ = s^"{t,x,)/n = s^"/^(t/^, x,//i) = s^-^f'i*^,*^) = 
1/fj, for i G S. Hence g(xi) /fi ^ for i ~ l,...,n. From our assump- 
tions one can easily deduce that for every subdirectly irreducible A in V, if 
ai,...,a„ G ^\{*}, then (oi, . . . , a„) ^ *. Thus g(t)//i = 
t^n/M ^x^) //i, . . . , g (x„) //i) ^ which means that g (t) ^ t since t//i = 
Therefore d([g(t))) < (i([t)). Applying the induction hypothesis we know 
that g (i) is V-projective. Hence there exists an endomorphism r : F„ F„ such 
that T (xi) =[g(t)) Xi for I = 1, . . . , n, and r (g (t)) = 1. To complete the proof 
take an endomorphism r o g : F„ -> F„. Then r (g (xi)) =[g(t)) g (xi) =[t) x^, 
which implies r (g (x^)) =[t) x^ for i ~ 1, . . . , n, and so r o g is a V-projective 
unifier for i, as required. ■ 

The final theorem presented below characterizes those subtractive Fregean 
varieties with finite signature for which all terms (and hence all finite sets of 
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equations) are projective. As a corollary, we deduce that each such variety is 
primitive, i.e. every its subquasivariety is a variety. 

Theorem 5.2 Let V be a subtractive Fregean variety with the finite signature 
T . Then the following conditions are equivalent: 

(1) all terms in Tjr{uj) are V -projective; 

(2) for every subdirectly irreducible A. inV the subset A\ {*} is a subuniverse 
of A; 

(3) every finitely generated algebra in V is projective; 
(4-) every finite set of equations in Tjr{uj) is V -projective. 

Proof. (1) ^ (2). To obtain the contradiction, assume that there is a 
subdirectly irreducible A £ V and t G Tjr{n), n G N, ai,...,a„ € ^\ {*} 
such that (oi, . . . , a„) ~ *. Without loss of generality we can assume that 
{i ; fli ^ 1} = {1, . . . , k}, where < fc < n. Put p G Tjrik') by p . . . , Xk) '■= 
t [xi, . . . , Xk, !,...,!). Then p is V-projective and p (ai, . . . , ak) — *■ It follows 
from Lemma H31 that there \si = 1, . . . , fc such that e {*,!}, a contradiction. 

(2) (1). It follows from Theorems 14.11 that V is locally finite. Let t G 
Tjr(n). By Proposition [5Tl] it is enough to show that t^" (1, . . . , 1) = 1. On the 
contrary assume that t^" (1, . . . , 1) ^ 1. Then, using Proposition [X^J 2, we find 
/z e Fm (F„) such that i^" (1, . . . , 1) = Hence t^"/'' (1/^, . . . , l/^i) = 
t^" (1, . . . , 1) //X = a contradiction. 

(1) and (2) =^ (3). It is enough to show that F„/(^ is projective for every 
n G N and G $ (F„). It follows from (2) and Theorem HTTl that V is locally 
finite. Hence ip = Vj=i [Pi) f'^'" some pi, . . . ,pk G Tjr(n). From (1) and Lemma 
12.101 we obtain the assertion. 

(3) =^ (4). Consider a set of equations {si = : i = 1, . . . , fc}, where Si,ti G 
Tjr(n), i = 1,...,A;, for some n G N. Put :— © (sj, tj). As F„/iy9 
is finitely generated, it follows from (3) that F„/(y9 is projective. Now, from 
Proposition 12 . 21 we get that {s^ = : i = 1, . . . , fc} is V-projective, as desired. 

(4) =^ (1). The implication is obvious. ■ 

Corollary 5.3 If V is a subtractive Fregean variety with the finite signature 
J- that satisfies one of the equivalent conditions of Theorem \5.'A then V is a 
primitive variety. 

Proof. The proof is similar to one given in Corollary 4.7] for £, see also 
|20| . As usual, by H, S and Pu we denote the operations of the formation of 
homomorphic images, subalgebras and ultraproducts, respectively. Let Q be a 
subvariety of V. It suffices to show that H (Q) C Q. Let A G Q, B G (A) and 
77 : A — B be an epimorphism. It is well known that B can be embedded into an 
ultraproduct of its finitely generated subalgebras. On the other hand, it follows 
from condition (3) of Theorem 15.21 that each such subalgebra C is projective, 
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and so there exist a homomorphism i : C — > A such that tt o t = idc- Clearly, 
(, is a monomorphism and so C € S (A) . Since quasivarieties are closed under 
the formation of subalgebras and ultraproducts, we get B e SPuS (A) c Q, as 
desired. ■ 



References 

[1] Agliano P., Fregean subtractive varieties with definable congruence, Journal 
of the Australian Mathematical Society 71 (2001), 353-366. 

[2] Baader F. and Nipkow T., Term Rewriting and All That, Cambridge UP, 
Cambridge, 1998. 

[3] Baader F. and Siekmann JH., Unification theory, in Gabbay DM., Hogger 
CJ., Robinson JA. and Siekmann JH., eds, Handbook of logic in artificial 
intelligence and logic programming. Volume 2. Deduction Methodologies, 
Oxford UP, Oxford, 1994,' pp. 41-125. 

[4] Baader F. and Snyder W., Unification theory, in Robinson A. and Voronkov 
A., eds. Handbook of Automated Reasoning, Vol. I, Elsevier, Amsterdam, 
MIT Press, Cambridge, MA, 2001, pp. 445-533. 

[5] Biittner W. and Simonis H., Embedding Boolean expressions into logic 
programming. Journal of Symbolic Computation 42 (1987), 191-205. 

[6] Czelakowski J. and Pigozzi D., Fregean logics, Annals of Pure and Applied 
Logic 127 (2004), 17-76. 

[7] Diego A., Sobre algebras de Hilbert (Spanish), Notas de Logica Matematica, 
vol. 12, Universidad Nacional del Sur, Bahia Blanca (Argentina), 1965, for 
French translation, see: A. Diego. Sur les algebres de Hilbert. Collection de 
Logique Mathematique, Ser. A, Fasc, vol. 21, Gauthier-Villars, Paris, 1966, 
transl. by L. Iturrioz. 

[8] Dzik W., Unification in some substructural logics of bi-algebras and hoops. 
Reports on Mathematical Logic 43 (2008), 73-83. 

[9] Ghilardi S., Unification through projectivity. Journal of Logic and Compu- 
tation 7 (1997), 733-752. 

[10] Ghilardi S., Unification in intuitionistic logic, Journal of Symbolic Logic 64 
(1999), 859-880. 

[11] Ghilardi S., Unification, finite duality and projectivity in varieties of Heyt- 
ing algebras, Annals of Pure and Applied Logic 127 (2004), 99-115. 

[12] Gumm HP. and Ursini A., Ideals in universal algebras. Algebra Universalis 
19 (1984), 45-54. 



20 



[13] Idziak PM., Slomczynska K. and Wronski A., Fregean Varieties, Interna- 
tional Journal of Algebra and Computation 19 (2009), 595-645. 

[14] Idziak PM. and Wronski A., Definability of principal congruences in equiv- 
alential algebras, Colloquium Mathematicum 74 (1997), 225-238. 

[15] Kabzinski JK. and Wronski A., On equivalential algebras, in G. Epstein, 
ed. Multiple- Valued Logic, Proc. Int. Symp., Indiana Univ., Bloomington, 
Ind., 1975, pp. 419-428. 

[16] Kohler P., Brouwcrian scmilatticcs, Transactions of the American Mathe- 
matical Society 268 (1981), 103-126. 

[17] Martin U. and Nipkow T., Unification in Booleal Rings, Journal of Auto- 
mated Reasoning 4 (1988), 381-396. 

[18] Martin U. and Nipkow T., Boolean Unification - the story so far. Journal 
of Symbolic Computation 7 (1989), 275-293. 

[19] Nemitz WC. and Whalcy T., Varieties of implicative semi-lattices. II, Pa- 
cific Journal of Mathematics 37 (1971), 759-769. 

[20] Olson JS., Raftery JG., Positive Sugihara monoids, Algebra Universalis 57 
(2007), 75-99. 

[21] Pigozzi D., Fregean algebraic logic, in Andreka H., Monk JD. and Nemeti 
I., eds.. Algebraic Logic, Proc. Conf., Budapest, 1988, CoUoq. Math. Soc. 
J. Bolyai, vol. 54, North-Holland, Amsterdam, 1991, pp. 473-502. 

[22] Slomczynska K., Equivalential algebras. Part I: Representation, Algebra 

Universalis 35 (1996), 524-547. 

[23] Slomczynska K., Free equivalential algebras. Annals of Pure and Applied 
Logic 155 (2008), 86-96. 

[24] Suszko R., Abolition of the fregean axiom, in Parikh R., ed.. Logic Collo- 
quium, Symp. Logic, Boston, 1972-73, Lecture Notes in Mathematics, vol. 
453, Springer- Verlag, Berlin, 1975, pp. 169-239. 

[25] Ursini A. On subtractive varieties, 1. Algebra Universalis 31 (1994), 204- 
222. 

[26] Wronski A., Transparent unification problem. Reports on Mathematical 
Logic 29 (1995), 105-107. 

[27] Wronski A., Transparent unification for equivalential algebras and some 

realted varieties, in Algebraic and Topological Methods in Non-Classical 
Logics II (University of Barcelona, Barcelona, 2005), abstracts, pp. 92-93. 

[28] Wronski A., Transparent verifiers for intermediate logics, in The LIVth 
Conference on the History of Logic (Krakow, 2008), abstracts, p. 16. 



21 



